CSCI699: Theory of Machine Learning Fall 2021

Lecture 4: Concentration Inequalities

Instructor: Vatsal Sharan Scribe: Ta-Yang Wang

Today

e Finish concentration inequalities

Last time, we saw how applying Markov’s inequality to the exponential function gives Chernoff-style
bounds.
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Today, we use this to derive concentration bounds for sums of random variables. We start with
just deriving a tail bound for a Gaussian using (1).

1 Gaussian tail bounds

o Let X ~ N (u,0?)

e Goal: Bound Pr[X — p > t].

By using (1) and applying the exponential function on both sides,

(X —E[X]))
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Let X —E[X] = y. Note that y ~ N(0,0%). We can now derive the moment generating function of
the Gaussian,
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Using this, we can write,

log(Pr[X — E[X] > t]) < inf

A2o? A = —t? [Exercise: minimize the quadratic
A>0 202

to show the equality]

— Pr[X —E[X]>t] <e /%

For the case of a Gaussian distribution, we could have derived a tail bound directly without using
the moment generating function or the Chernoff-bound. But we didn’t loose much, the bound
above is in fact tight up to polynomial factors, i.e., the best bound one could hope to show is
Pr[X — E[X] > #] < e /2 . (poly(t, o)) .

Let us see what this implies for the sum of Gaussians. Let
n
X, = ZXZ'/TL, E[X;] =, Var[X;] =%
i=1

Since the Gaussian distribution is a stable distribution, the sum of Gaussians is also a Gaussian,
therefore X,, ~ N (p, o? /n). Therefore using the tail bound we derived for a single Gaussian,

Pr[X, —pu >t < e 207,

If we now want to set the failure probability to be 4, then the deviation expected from the true

log(1
mean given n samples is about O (a 0g(/5)>:
n
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2 Sub-Gaussian random variables

We didn’t really use too many special properties of the Gaussian to get the previous tail bound.
All we really need is a bound on the moment generating function, and the notion of sub-Gaussian
random variables formalizes this.

Definition 1. A random variable X with mean p = E(X) is sub-Gaussian if there exists a
positive number o such that

E[X71] <o vareR,

o is known as the sub-Gaussian parameter (think of this as the variance proxy for the distribution).

e Any Gaussian random variable with o2 is sub-Gaussian with parameter o.

e Many non-Gaussian random variables also have this property! Let’s see one example.



Rademacher random variable

Let X be the random variable which is {—1,41} with equal probability. This random variable is
known as a Rademacher random variable.

Claim 2. The Rademacher random variable is sub-Gaussian with parameter o = 1.

Proof. Note that E(X) = 0. We can write,
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2.1 Concentration bound for sub-Gaussian random variables

We now show that a sub-Gaussian random variable with sub-Gaussian parameter ¢ has similar tail
upper bounds as a Gaussian random variable with standard deviation o,

Lemma 3. If X is a sub-Gaussian with parameter o, then for any t > 0,

(1) Pr[X > E[X] +1] < e ¥/,
(2) Pr[X <E[X] -] <e /2.

(3) Pr[|X — E[X]| > 1] < 2¢ /27"

Proof. (1) Using (1),

log(Pr[X — E[X] > 1]) < inf (log E(MXEX))) — xp).

By sub-Gaussianity, MX—E[X]) 02)2/2
Ele |<e :

Therefore,
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and part (1) follows.



(2) Take X' = —X. Note that X’ is also sub-Gaussian with parameter o (by symmetry of the
definition with respect to A, i.e. the definition requires the inequality to be satisfied both for
A >0 and A <0). We can now write,

Pr[X < E[X] —t] = Pr[X’ > E[X'] +¢].
The result now follows by part (1).

(3) Follows from a union bound.

2.2 Concentration bound for sum of sub-Gaussian random variable

As we did for Gaussians, we can now get a tail-bound for sums of independent sub-Gaussian random
variables. The crucial property we will use here is that sums of independent sub-Gaussian random
variables are sub-Gaussian.

Theorem 4. Suppose that the random variable {X;}i_, are independent and E[X;] = u; and X; is
sub-Gaussian with parameter o;. Then for all t > 0, we have
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The Theorem now follows from Lemma 3. O

We state the following direct Corollary of the above theorem for the case where the random variables
X, have the same mean and variance.

Corollary 5 (Corollary of Theorem 4 for identical random variables). Consider n i.i.d. random
variable X1, ..., X, each with E[X;] = p and sub-Gaussian parameter o. Then for all t > 0,

X, 2
Pr Q — | > €| <exp ne .
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2.3 Hoeffding’s inequality

We now use the tools we have developed to show Hoeffding’s inequality, which is a concentration
bound for bounded random variables. We first show that bounded random variables are sub-
Gaussian.

Claim 6 (Bounded random variable is sub-Gaussian). Let X be a random variable with mean zero
and supported on the interval [a,b]. Then X is sub-Gaussian with sub-Gaussian parameter (b — a)
(in fact, it is possible to show sub-Gaussianity with parameter (b — a)/2, but we won’t do that here).

Proof. The proof uses the idea of symmetrization, which we’ll see again in future lectures. Let X’
be an independent copy of X. Note that since E[X'] = 0, we can write,
Ex[eM] = Ex[exp(A(X — E[X']))] < Ex x/[exp(A(X — X'))]

where the last step uses Jensen’s inequality, f(E[X]) < E(f(X)) for any convex f. Note that
X — X’ and X’ — X have the same distribution. This implies

Ex, x/[exp(AM(X — X'))] = Ex x/[exp(A(X" — X))].

Therefore, we can introduce a Rademacher random variable e, which {£1} with probability 1/2
each, without changing the expectation,

EX,X’ [exp()\(X — X/))] = EX7X/’E[eXp(/\6(X — X/))]

Now fixing X, X’ and just taking the expectation over €, we can use the moment generating function
bound for Rademacher random variables in Claim 2 to write,

E[exp(Ae(X — X'))] < exp(A3(X — X')?/2).
Plugging this back,
E[eM] < Ex xr[exp(A*(X — X')?/2)] < exp(X*(b - a)?/2)

where last inequality follows since X, X’ lie in the interval [a, b]. O

Using Theorem 4 we now get a slightly weaker version of Hoeffding’s inequality.

Lemma 7 (weaker version of Hoeffding’s). Let X, Xo,...,X,, be independent random variables
such that a; < z; < b; for each i € [n]. Then for any e > 0,

1 & 1 & _n2e2
Pr||— X;—E |- X; >1-—2ex .
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Remark: This bound is only loose compared to Hoeffding’s inequality stated earlier in terms of a
factor of 2 in the denominator of the exponent, which should instead be in the numerator. If we
use the right sub-Gaussian parameter (b; —a;)/2 for the random variables, we’ll recover Hoeffding’s
inequality as stated earlier.

<e

So far, we’ve only worked with sums of random variables. There is a very rich and vast literature
on showing that various other functions of random variables are also close to their expectation with
high probability. A statement of this form is McDiarmid’s inequality, which we will use in a few
lectures.



Theorem 8 (McDiarmid’s inequality). Let X1, Xo,..., X, be independent random variables taking
values over some domain X. A function f : X" — R satisfies the bounded differences property
if:

Vien], Vai,...,xn, 7 € X,

|f(x1, @iy ) — flog, .2 )| < o

If f satisfies this property, then

92
Pr(f(z1,...,zn) —E[f(21,...,20)] > €) <exp (ZniCQ) :

X.
Remark: Note that this gives us back Hoeffding’s inequality by taking f = L, and realizing
n

bi — a;
that f satisfies the bounded differences property with ¢; = —— V.
n
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