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Basic Concepts and
Notation



Basic Notation

By x € R", we denote a vector with n entries.

By A € R™", we denote a matrix with m rows and n
columns.
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Special Matrices

|[dentity matrix Diagonal matrix
[, € R D =diag(d4, ...,d,;)
0 1 0 0 d, 0
0 0 1 0 0 d
Property: for all A € R™*", A, = A = I,,A Clearly, I =

diag(1,1,...,1)



Matrix Multiplication



Vector-Vector Product

Inner Product / Dot Product
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Intuitio

xTy = (Length of prBjected x)-(Length of
y)




Outer Product

Vector-Vector Product
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Matrix-Vector Product

View 1: Write A by rows
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Set of inner products with each row vector



Matrix-Vector Product

View 2: Write A by

columns
-
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Linear combination of column vectors
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Vector-Matrix Product

View<1 : Write A by columns
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Set of inner products with each column vector



Vector-Matrix Product

View 2: Write A by rows
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Linear combination of row vectors



AB =

Matrix-Matrix Multiplication

View 1: Set of inner

products
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Matrix-Matrix Multiplication

View 2: Sum of outer products

=1



Matrix-Matrix Multiplication

Properties

. Associative: (AB)C = A(BC).

. Distributive: A(B+ C) = AB + AC

. In general, not commutative; it can be the case that AB + BA.

. Counterexample: A = [(1) ﬂ B = [(1) (1)] AB = [(1) (1)] but BA = [(1) (2)



. gy
Exercise Av-15

» Suppose x4, ...,xy are all D-dimensional vectors and X € RY*? is a matrix
where the nth row is x.. Then which of the following identities are

correct? \C 6 1”7
N l = V“( C/)(V\l - /)(“9_]
LX_[-Y)l — :\::l_ LY ) ) (XJ\A\] %\_-_/ L .I
==—"1 ~N ndd
=2 Yekyg
L '\/(o(wfyf)u - ﬁ/ (U’ )i = %,(Xm%@? .
n= N < i
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Operations and Properties



ITranspose

The transpose of a matrix results from 'tlipping’
the rows and columns.

a1 412 0 4y dyp dy1 0 Ay
A _ a21 a22 ale azn AT _ a12 a22 cos am2
al;’ll ai;12 o gy a.ln a.2n o Gy
D
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« IfA= A", then 4 is a symmetric matrix

e IfA=—-A", then 4 is an anti-symmetric matrix



Trace

The trace of a square matrix is the sum of its diagonal elements

trA = iAii.
i=1

Properties (4, B, C € R™"): wt/é(e) a2
-2 By = 2 SR
* tr(4) =tr(d") — T—%— B Aa3
N

e tr(A+ B) =tr(A) + tr(B)
o tT(O(A) = - tr(A) VEZ;‘ l}é)\j\j - 4v(BA)

* tr(AB) = tr(BA)

e tr(ABC) = tr(BCA) = tr(CAB)




Inverse of a Square Matrix

» The inverse of a square matrix A € R™, denoted A™1, is the unique
matrix such that A=A =1, = AA™1
A must be full rank for its inverse to exist

o
| | | BR'ATAB
- Prop?rtlels (suppose that A anq’B are invertible): _ 27 ) B
+ (A7) =4 g 1BBY =1 - "i Lo
+ (AB)"' =B "'A™" he) BAT T =p et

e (AT = (4N T, denoted by A= "



Exercise

 Which identities are NOT correct for real-valued matrices A, B, and C?
Assume that inverse exists and multiplications are legal.

@A (AB)~' =B71471

_ a2 .
B. (I+A)1=1-A4 (T-A) (T+ &)< l“éé‘/‘*/_% SToToat

Q. tr(AB) = tr(BA)

B. (AB)' =ATB’
_g' AT

| m—




Matrix Calculus



Gradient

» Suppose f: R™" i R is a scalar function that takes as input a matrix A € R™*"

\

« The gradient of f with respect to A is the matrix of partial derivatives in R™*",

ml

m2

T
EYS ofA)  IfA) O(A)
0A 14 0A 1, 0A,,
oflA)  df(A) df(A)
VA f(A) — 0A21 6A22. aAZn
oflA)  df(A) of(A)
0A 0A 0A

mn



Gradient

 If the input is just a vector x € R", e o T D%
o) - 2399
DX
axl
o) g /
fo(x) — 0x5 % %
of(x) [
0x —

n

* Properties of partial derivatives extend here (can be derived via scalar derivatives):

+ Vo(f(0) + 9(x)) = Vo f (x) + Vg (x)
+ Fort €R, V, (tf(x)) = tV,f(x)




V(X)) =

of(x)
0X

of(x)

0X,

Gradient

Visual Example
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Hessian

« Suppose f:R" —» R s a scalar function that takes as input a vector x € R"

* The Hessian of f with respect to x is the second-order partial derivative
matrix in R™*";

0°f(x)  0*(x) 0°f(x)
éx% axl axz o axl axn
0°f(x) 0w 0°f(x)
V% fix) € R™" = | oxoxy  0x2 0X20x,,
XIS
S5 [ dw Aw P
m (3 &O@X’(J ox, 0%y  0X,0X, ox2

* |t is symmetric given the continuity of second-order partial derivative.



Fxamples: Gradient of a Linear Function

e Forx € R", let f(x) = b"x for some known vector b € R™. Then,

e T “ J(x) = Z bix; (Yi), = T o
A =1
B L € — —~
* This gives: /’ g
0 0 -
0 _ 0,
an Oxk i1
V.blx=0p

d(ax)
Ix

* Analogous to single variable calculus, where a



Exercise

« Which of the following are correct chain rules: (g, g, ..., g4 are functions

from R to R)? [gw) w] me
_ 91 99 Q)= Wt = L
AMFor a composite function f(g(w)) 1§

aw dg oOw
°d

B.¥For a composite function f(g(w)), g—fv = Z; | gi A _Gw
o W
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Exercise .-
2w A

« A function f:R™! » R is defined as f(x) :@+_@Tx for some b € R™*1
and A € R™", What is the derivative Vf(x)?/
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\ =\ =\ —
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.
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Gradient of a Quadratic Function

» Forx € R", let f(x) = x"Ax for some known matrix A € R™ ™. Then,

Jx) = i iAijxixj

i=1 j=1

» Using previous slides, product rule for f(x) = g(x)"x, with g(x) = A" x:

V_fx) = V; g(x)x + Vxng(x)
= AN 'x+T'A'x
= (A + AT)x

* This gives the Hessian:

Vifix)y =A+ A



Exercise

A function
R 5 R '
is defined as f(w) = In(1 +e~W ™) f
or some x € R"*x1

What | '
s the derivative V,,,f(w)?
W
A. 1+ew'x SW’): e—b\w” huwy = ' X
\// ‘FW):- I L4 8Cw)) b |
B X
1+eWTx /a#; 63 5\/\
C w =le oW D w -
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T — 8 7 L~ -
W (X



Convexity

A function f: R™ » R, a scaler function that takes as input a vector x € R", is
convex if for any x;,x, € R*and any t € [0,1]

f(tx; + (1 —t)xy) < tf(xq) ‘|‘\(1 — t)]igfz)

Feasible domain R" can be replaced by any subset of R"

Decide whether f(x) is convex:
» By definition
» If f(x) Is second-order differentiable,
» Vif(x) is positive semi-definite © f(x) is convex

A function f is concave if —f IS convex. e




Exercise

» Suppose a € R™1 is an arbitrary vector. Which one of the following
functions in NOT convex:

i N Y s ol [l +(b] > |ath|
AL f(x) = Xzl b Foo 1 - i é el 4 et LY
B. f(x) =) a;x; e ) > % 1V CP*L“J?I
, — (9\) - L ((_t)
== Y
D. flx) = Xizy eXp(xi) \ xq e’)(\/\ )

e o
Hq‘w)’/ 0{“56 ( ‘




Exercise

« For a differential function f: R" » R, which of the following statements
are correct

\A]/flf x* IS @ minimizer of f, then Vf(x*) =0
5/11‘ x* IS @ maximizer of f, then Vf(x*) =0
C. If Vf(x*) =0, then x* is a minimizer of f.

D. If VF(x*) = 0, then x* is a maximizer of f.



Questions?



