Vector and Matrix Calculus Review



Agenda

Review of Partial Derivatives
Gradient of a scalar valued function
Hessian of a scalar valued function

Gradient with respect to a matrix



Partial Derivatives

e For a bivariate function f(x, y), the partial derivative with respect to x is defined
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. Also represented by V, f(x, y).
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o Second (partial) derivative " (also represented by V< f(x, y)) is the partial
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Example

o Let f(x,y) = x°y% + ™.
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o COMmpute / and f.
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o lurnsout that is true more generally (when both derivatives exist
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and are continuous).



Gradient of a scalar valued function

d

— R, the gradient of f (denoted by V f(x)) is
of(x) 0f(x)] -

e For ascalar functionf: |
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® Some rules of derivatives apply for gradients as well (can be derived via scalar
derivatives).

® (Scalar Multiplication) Let i(x) = 1 - f(x). Then, Vh(x) =t - Vf(x).
e (Addition) Let h(x) = f(x) + g(x). Then, VA(x) = Vf(x) + V g(x).



Gradient of a Linear Function

o Let f(x) = wix + b for some fixed w € R? and b € R. Compute V£{(x).



Gradient of a Quadratic Function
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o Letf(x) = —xTAx + b'x + ¢, where A € R p € R% and ¢ € R. Compute

2
Vf(x).



Gradient of Logistic Loss

o Letf(x) = In(1 4+ exp(—w'x)), wherew € I d
e Compute Vf(x) by the definition of gradient.
e Compute Vf(x) by the Chain Rule.



Hessian of a scalar valued function

d

— R, the Hessian of f (represented by sz(x)) is a
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matrix € R of which the (i, 7)-th entry is given by /

e For ascalar function f : |
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® Rules:
o Let h(x) =t - f(x). Then, V*h(x) =t - V*f(x).
o Let i(x) = f(x) + g(x). Then, VZh(x) = V*f(x) + VZg(x).



Hessian of a Quadratic Function

|
o Letf(x) = ExTAx+ bTx + ¢, where A € R ph € R and ¢ € R.

e Compute VZf(x).
o Let A > O (positive semi definite). Argue that f is convex.




Hessian of Logistic Loss

o Let f(x) = In(1 + exp(—wTx)), where w € R4

e Compute V*f(x).
e Isfconvex?



Gradient with respect to a matrix

of (X
o Letf: R™" — R be a scalar valued function. Then, ];(X) is the matrix € R
T _ of
with (i, 7)-th entry given by —.
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o Letf(X) = Trace(X). Compute %



e Refer to the Matrix Cookbook for more involved gradient and hessian
computations.



