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Linear Combinations and Span

span({x1, …xn}) = {v : v =
n

∑
i=1

αixi, αi ∈ ℝ}

• The span of a set of vectors  is the set of all vectors that can be 
expressed as a linear combination of . That is,

{x1, x2, …xn}
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• A set of vectors  is said to be linearly dependent if one vector 
belonging to the set can be represented as a linear combination of the remaining 
vectors, e.g.,

{x1, x2, …xn} ⊂ ℝm

xn =
n−1

∑
i=1

αixi



• Column rank: largest number of columns that constitute a linearly independent set.  

• Row rank: largest number of rows that constitute a linearly independent set. 

• Column rank of any matrix is equal to its row rank. 

• Both quantities collectively referred to as the rank of the matrix. 

• Properties (  ): 

• .  If ,  is said to be full rank.  

• . 

• For , , . 

• For , .

A ∈ ℝm×n

rank(A) ≤ min(m, n) rank(A) = min(m, n) A

rank(A) = rank(AT)

A ∈ ℝm×p B ∈ ℝp×n rank(AB) ≤ min(rank(A), rank(B))

A, B ∈ ℝm×n rank(A + B) ≤ rank(A) + rank(B)

Rank
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Inverse of a Matrix

• A matrix  is invertible (or non-singular) if there exists a matrix  such that  

 

• Interpretation: the transformation  can be "undone" 

• It turns out that: 

‣ Only square matrices can be invertible 

‣ When inverses exist, they are unique 

‣  is invertible precisely if it has full rank. 

A A−1

A−1A = In = AA−1

A

A



Inverse of a Matrix

• A matrix  is invertible (or non-singular) if there exists a matrix  such that  

 

• Interpretation: the transformation  can be "undone" 

• It turns out that: 

‣ Only square matrices can be invertible 

‣ When inverses exist, they are unique 

‣  is invertible precisely if it has full rank. (Equiv., nonzero determinant!) 
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Exercise
Prove the following properties, for non-singular : 

•  

•  

• , denoted by 

A, B ∈ ℝn×n

(A−1)−1 = A

(AB)−1 = B−1A−1

(A−1)T = (AT)−1 A−T



Determinant

A = [1 3
3 2]

a1 = [1
3] a2 = [3

2]

• Let ,  denotes its th column; consider the set of points :A ∈ ℝn×n ai i S ⊂ ℝn

S = {v ∈ ℝn : v =
n

∑
i=1

αiai (0 ≤ αi ≤ 1; i = 1,…, n)}

• The determinant of , denoted  or , is the ‘signed volume’ of A det(A) |A | S



Determinant

(Recursive) Formula

|A | =
n

∑
i=1

(−1)i+jaij |A∖i,∖ j | (∀ j ∈ 1,…, n)

=
n

∑
j=1

(−1)i+jaij |A∖i,∖ j | (∀ i ∈ 1,…, n)

[a] = a [a b
c d] = ad − bc

• Let ,  be the matrix that results from deleting the th 

row and th column from 

A ∈ ℝn×n A∖i,∖ j ∈ ℝ(n−1)×(n−1) i
j A

• Equations for small matrices:



Determinant

• Properties (  ): 

•  

•  

•  iff  is singular 

• For non-singular , 

A, B ∈ ℝn×n

|A | = |AT |

|AB | = |A | |B |

|A | = 0 A

A |A−1 | = 1/ |A |



Exercise
• Consider some vector . What is the rank of the matrix ?x ∈ ℝn xxT



Eigenvalues

Key Idea: Sometimes matrices behave simply along special directions. 

Are there vectors whose direction does not change under A? 

A nonzero vector  is an eigenvector of a matrix  if  

. 

In this case,  is referred to as the eigenvalue of .  

Theorem: Every real  matrix has exactly  eigenvalues in , counting multiplicity 
(i.e., repetitions) 

  

v A

Av = λv

λ v

n × n n ℂ
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Symmetric Matrices & Quadratic Forms
Symmetric Matrices: From now, we will assume that matrices  are symmetric, 
meaning .  

Symmetric matrices have the following properties: 

• Their eigenvalues are all real. 

• Eigenvectors can be chosen orthogonal 

A quadratic form is a function of the form  

. 

Appears in least squares, ridge regression, Gaussian likelihoods, etc. 

A
A = A⊤

f(x) = x⊤Ax
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Positive Semidefinite (PSD) Matrices

A symmetric matrix  is positive semidefinite (PSD) if 

 

Intuition:  never "pushes against" the vector . 

Equivalent characterization: Symmetric A is PSD if and only if all eigenvalues are . 

Common examples include covariance matrices, Gram matrices , Hessian of a 
convex loss, etc. 

A positive definite matrix  is symmetric with . (Equivalently, all 
eigenvalues .)

A

x⊤Ax ≥ 0 ∀x

Ax x

≥ 0

X⊤X

A x⊤Ax > 0 ∀x ≠ 0
> 0
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