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Linear Combinations and Span

® The span of a set of vectors {x;,x,,...x,} is the set ot all vectors that can be

expressed as a linear combination of {x,...,x,}. That s,
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Linear Combinations and Span

® The span of a set of vectors {x;,x,,...x,} is the set ot all vectors that can be

expressed as a linear combination of {x,...,x,}. That s,

n
span({xy,...x,}) =4 V:v = Z ax;, a, € R
i=1

® A set of vectors {x,x,,...x,} CR"is said to be linearly dependent it one vector
belonging to the set can be represented as a linear combination of the remaining
vectors, e.g.,

n—1
Xn = Z A
i=1



Rank

Column rank: largest number of columns that constitute a linearly independent set.
Row rank: largest number of rows that constitute a linearly independent set.
Column rank of any matrix is equal to its row rank.

Both quantities collectively referred to as the rank of the matrix.



Rank

Column rank: largest number of columns that constitute a linearly independent set.
Row rank: largest number of rows that constitute a linearly independent set.
Column rank of any matrix is equal to its row rank.

Both quantities collectively referred to as the rank of the matrix.

Properties (A € R"™):

e rank(A) < min(m,n). If rank(A) = min(m, n), A is said to be full rank.
e rank(A) = rank(A7).

e ForA € R™P, B e RP", rank(AB) < min(rank(A), rank(B)).

e ForA,B e R™" rank(A + B) < rank(A) + rank(B).



lnverse of a Matrix

® A matrix A is invertible (or non-singular) if there exists a matrix A~! such that
ATIA =1 = AA7!

® |nterpretation: the transformation A can be "undone*



lnverse of a Matrix

® A matrix A is invertible (or non-singular) if there exists a matrix A~! such that
ATIA =1 = AA7!

® |nterpretation: the transformation A can be "undone*

® [t turns out that:
> Only square matrices can be invertible

> When inverses exist, they are unique

> A is invertible precisely it it has full rank. (Equiv., nonzero determinant!)



Exercise

Prove the following properties, for non-singular A, B € R™".
e A l=4
e AB)'=B"1A"1
e A HI' =A™l denoted by A~T



Determinant

o |letA € R™, a denotes its ith column; consider the set of points § C R":

S={vel ”:v=2aiai OLa<l; i=1,..,n)}
i=1

® The determinant of A, denoted det(A) or |A |, is the ‘signed volume’ of §

(0,0)



Determinant

(Recursive) Formula

® letA € R™" A\i,\j e R~Dx(n=1) ha the matrix that results from deleting the ith

row and jth column from A

Al =) (=D¥a;|Ay\;| (V€ L. n)
=1

— Z (—1)l+]alj‘A\l,\]‘ (V | € 1,...,”)
j=1

® Equations for small matrices:

[al| =a [if Z] = ad — bc




Determinant

® Properties (A,B € R™"):
o |A]=]A"]
* |[AB|=|A]|B]
® |A|=0iff Aissingular

® Fornon-singularA, |[A~!'| =1/]|A]|



Exercise

e Consider some vector x € R"™. What is the rank of the matrix xx!?



Figenvalues

Key Idea: Sometimes matrices behave simply along special directions.

Are there vectors whose direction does not change under A?
A nonzero vector v is an eigenvector of a matrix A it

Av = Av.

In this case, 4 is referred to as the eigenvalue of v.



Figenvalues

Key Idea: Sometimes matrices behave simply along special directions.

Are there vectors whose direction does not change under A?
A nonzero vector v is an eigenvector of a matrix A it

Av = Av.

In this case, 4 is referred to as the eigenvalue of v.

Theorem: Every real n X n matrix has exactly n eigenvalues in C, counting multiplicity
(i.e., repetitions)



Symmetric Matrices & Quadratic Forms

Symmetric Matrices: From now, we will assume that matrices A are symmetric,
meaning A = A"

Symmetric matrices have the following properties:
® Their eigenvalues are all real.

® Figenvectors can be chosen orthogonal



Symmetric Matrices & Quadratic Forms

Symmetric Matrices: From now, we will assume that matrices A are symmetric,
meaning A = A"

Symmetric matrices have the following properties:
® Their eigenvalues are all real.

® Figenvectors can be chosen orthogonal

A quadratic form is a function of the form
f(x) = x"Ax.

Appears in least squares, ridge regression, Gaussian likelihoods, etc.
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A symmetric matrix A is positive semidefinite (PSD) if
x'"Ax>0 Vx

Intuition: Ax never "pushes against” the vector x.
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Positive Semidefinite (PSD) Matrices

A symmetric matrix A is positive semidefinite (PSD) if

x"Ax>0 Vx

Intuition: Ax never "pushes against” the vector x.

Equivalent characterization: Symmetric A is PSD if and only if all eigenvalues are > 0.

Common examp\es include covariance matrices, Gram matrices XTX, Hessian of a

convex loss, etc.

A positive definite matrix A is symmetric with x'Ax > 0 Vx # 0. (Equivalently, all

eigenvalues > 0.)



Exercise

Q1 Which of the following statements are true? PSD stands for positive semi-definite.
(a) XX ' is a PSD matrix if and only if X is PSD.

(b
(c

(d) All eigenvalues of a symmetric PSD matrix are non-negative.

If X and Y are PSD matrices, then so is AX + uY for any A, u € R.

)
)
) If X —Y and X + Y are PSD matrices, then so are X and Y.
)



Exercise

Q2 Suppose A and B are two positive definite matrices. Which matrix may NOT be positive definite?
(a) A~
(b) A+ B
(c) AAT
(d) A—B



Exercise

A= (10

Q3 Consider the matrix

(a) Compute z ' Az for z = (z1,z3) .
(b) Is A positive semidefinite?
(c) Is A positive definite?
)

(d) Is A invertible?



Exercise

Q4 Suppose A is a PSD matrix and M is any (not necessarily square) matrix of compatible dimen-
sions. Prove that M ' AM is PSD.



Exercise

Q5 Let A be a symmetric matrix with eigenvalues Aq,..., A,.
(a) What are the eigenvalues of A + ul for pu € R?

(b) For what values of u is A 4+ pl positive semidefinite?



