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What is Probability? (versus Statistics?)
Probability studies the behavior of 
data-generating processes.

First, assume we have complete 
knowledge of how data is generated.

Then, what can we say about:
• Probabilities of interesting events?
• Effect of “conditioning” on an 

event?
• Sequences of events?
• Dependence / Independence? Drgoňa, Ján. (2017). Model Predictive Control with 

Applications in Building Thermal Comfort Control. 

TLDR: Probability takes you from “ground 
truth” to observed data. Statistics takes 
you the other way!



Probability Spaces & Random Variables
Two key definitions underly all of probability. Don’t confuse 
them! 

Probability space: Set Ω of events that can take place, and 
probabilities for each event A ⊆ Ω.
oIntuition: Random events you are observing “in the wild” (e.g., 

flipping of coin), and nature’s rules for the chances of each event.

Random variable: Function Ω → ℝ, assigning number to 
each 𝜔 ∈ Ω.
o Intuition: Our choice of assigning “value” to each outcome (e.g., 

“Heads” → 1). Lets us use math!
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Probability Space
A probability space is a tuple Ω, 𝑃  where:
• Ω is a non-empty set
• 𝑃 is a function 2Ω → ℝ

such that:
• 𝑃 Ω = 1

• If {𝐴_𝑖}𝑖∈ℕ is a sequence of disjoint sets, 
then

𝑃(∪𝑖=1
∞ 𝐴𝑖) =  ∑𝑖=1

∞  𝑃 𝐴𝑖
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A random variable (RV) on a probability space Ω, 𝑃  is a function

𝑋: Ω → ℝ.

This naturally produces probabilities over ℝ via

𝑃𝑋 𝐴 = 𝑃 𝑋 ∈ 𝐴 = 𝑃(𝑋−1 𝐴 ).

This is called the distribution of X. 

Beware: Very different RV’s can have the same distribution!

The RV contains more information than just the distribution…



2 RV’s, 1 Distribution
𝑋: Ω → ℝ

𝑌: Ω → ℝ
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Conditioning
For events 𝐴, 𝐵 with P 𝐵 ≠ 0, we define the conditional probability

𝑃 𝐴 𝐵) =
𝑃(𝐴∩𝐵)

𝑃(𝐵)
.

Clearly, 𝑃 𝐴 𝐵) ⋅ 𝑃 𝐵 = 𝑃(𝐴 ∩ 𝐵), by multiplying out 𝑃 𝐵 .
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𝑃 𝐴 𝐵) =
𝑃(𝐴∩𝐵)

𝑃(𝐵)
.

Clearly, 𝑃 𝐴 𝐵) ⋅ 𝑃 𝐵 = 𝑃(𝐴 ∩ 𝐵), by multiplying out 𝑃 𝐵 .

This immediately yields Bayes’ rule:

𝑃 𝐴 𝐵) =
𝑃 𝐵 𝐴)⋅𝑃(𝐴)

𝑃(𝐵)
.

Simple to prove, but very valuable!



Independence
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Similarly, two random variables 𝑋 and 𝑌 are independent if
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Equivalently, 𝑃 𝑋 = 𝑥 | 𝑌 = 𝑦 = 𝑃 𝑋 = 𝑥 .
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After all, for any given predictor/classifier 𝑓, its error on a dataset 𝑆 is an 
unbiased estimate of its true error?
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After all, for any given predictor/classifier 𝑓, its error on a dataset 𝑆 is an 
unbiased estimate of its true error?

A: But it stops being unbiased when we condition upon the fact that 𝑓 
was trained on 𝑆!

E.g., Imagine 10,000 people flip a fair coin 10 times. On average, each 
person’s performance is reflective of their true performance.

But the ~10 people who flipped all Heads are unlikely to repeat this! 

TLDR: You must condition on all available 
information! Not allowed to cherry-pick and 
ignore (un)favorable information! 



Understanding Train/Test Split
How should we evaluate the performance of a trained model?
Key idea: Use a separate, “fresh” test dataset!

Workflow:
1. Sample all data, 𝑆
2. Uniformly at random, split 𝑆 into 𝑆train and 𝑆test (say, 80%:20%)

3. Train your model by minimizing loss on 𝑆train,

መ𝑓 ≈ arg min
𝑓∈𝐹

 ෠𝑅𝑆train
𝑓 = arg min

𝑓∈𝐹

1

𝑛
∑𝑖≤𝑛 ℓ 𝑓 𝑥𝑖 , 𝑦𝑖 .

4. Evaluate your model via its performance on 𝑆test, i.e.,

෠𝑅𝑆test
𝑓  = ∑𝑗≤𝑚 ℓ 𝑓 𝑥𝑗 , 𝑦𝑗
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Refresher: Discrete vs. Continuous RV
Recall that a discrete random variable 𝑋 places all its mass on a 
countable set 𝑆, i.e., 

𝑃 𝑋 ∈ 𝑆 = 1.
In this case, the distribution of 𝑋 is determined by the probability 
mass function (PMF) 𝑝𝑋  giving the mass of each point:

𝑝𝑋 𝑥 = 𝑃 𝑋 = 𝑥 .

A continuous random variable has a probability density function 
(PDF) 𝑓𝑋(𝑥) and 

𝑃 𝑋 ∈ 𝑎, 𝑏 =  ∫
𝑎

𝑏
𝑓𝑋 𝑥  d𝑥.
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Expectation & Variance
Random variables contain a lot of information! We can often 
summarize/analyze using 2 key values: expectation and variance. 

The expectation, or mean, of a random variable 𝑋 is

𝔼 𝑋 = ∑𝑥 𝑥 ⋅ 𝑝𝑋 𝑥 ,    or    𝔼 𝑋 = ∫
𝑥

𝑥 ⋅ 𝑓𝑋 𝑥 d𝑥.

Intuitively, the average value of 𝑋 – a measure of “center.”

The variance of a random variable 𝑋 with mean 𝜇 is 
Var 𝑋 =  𝔼 𝑋 − 𝜇 2 = 𝔼 𝑋2  − 𝔼 𝑋 2.

Intuitively, measures the “dispersion” of 𝑋, how greatly it varies.
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Properties of Expectation and Variance

Linearity of Expectation

1. 𝔼 𝑋 + 𝑌 = 𝔼 𝑋 + 𝔼 𝑌

o Holds for any random 
variables 𝑋, 𝑌 – regardless 
of dependence! 

2. 𝔼 𝑐 ⋅ 𝑋 = 𝑐 ⋅ 𝔼 𝑋

o Can always pull out 
constants 
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variables 𝑋, 𝑌 – regardless 
of dependence! 

2. 𝔼 𝑐 ⋅ 𝑋 = 𝑐 ⋅ 𝔼 𝑋

o Can always pull out 
constants 

Variance Properties

1. Var 𝑋 + 𝑌 = Var 𝑋 + Var(𝑌),                                       
aaaif 𝑋 and 𝑌 are independent!

o Can fail without 
independence! 

2. Var(𝑐𝑋) = 𝑐2 ⋅ Var(𝑋)

o Intuition: Variance uses 
“squared units.” Square root 
to recover std deviation



Gaussian Distributions
Recall one-dimensional Gaussian distributions:

𝑋 ∼ 𝑁 𝜇, 𝜎 ,  𝑓𝑋 𝑥 =
1

2𝜋𝜎2
𝑒

−
𝑥 −𝜇 2

2 𝜎2 .



Gaussian Distributions
Recall one-dimensional Gaussian distributions:

𝑋 ∼ 𝑁 𝜇, 𝜎 ,  𝑓𝑋 𝑥 =
1

2𝜋𝜎2
𝑒

−
𝑥 −𝜇 2

2 𝜎2 .

Equivalently, a random variable 𝑋 is Gaussian if

𝑋 = 𝑎 𝑍 + 𝑏,  𝑍 ∼ 𝑁 0, 1 .

Key idea: Gaussian = affine function of a standard normal



Multivariate Gaussian Distributions
A random vector 𝑋 ∈ ℝ𝑑  is 
multivariate Gaussian if

𝑋 = 𝐴 𝑍 + 𝜇,  𝑍 ∼ 𝑁 0, 𝐼ℓ ,

where:

• 𝑍 ∈ ℝℓ is a vector of ℓ independent 
standard normals,

• 𝐴 ∈ ℝ𝑑 × ℓ,

• 𝜇 ∈ ℝ𝑑.



Multivariate Gaussian Distributions
A random vector 𝑋 ∈ ℝ𝑑  is 
multivariate Gaussian if

𝑋 = 𝐴 𝑍 + 𝜇,  𝑍 ∼ 𝑁 0, 𝐼ℓ ,

where:

• 𝑍 ∈ ℝℓ is a vector of ℓ independent 
standard normals,

• 𝐴 ∈ ℝ𝑑 × ℓ,

• 𝜇 ∈ ℝ𝑑.

Intuition: Z is a spherical Gaussian 
cloud. So every multivariate 
Gaussian is a stretched, rotated, 
shifted sphere.



Joint Gaussians

Random vectors 𝑋 and 𝑌 are jointly 
Gaussian if 𝑋

𝑌
 is distributed as a 

multivariate Guassian.

Equivalently,
𝑋

𝑌
= 𝐴 𝑍 + 𝜇

This is stronger than 𝑋 and 𝑌 each 
being distributed Gaussian! 

Key Characterization
For random variables 𝑋1, … , 𝑋𝑛, 
the random vector 𝑋1, … , 𝑋𝑛  is 
multivariate Gaussian if and 
only if ∑𝑖=1

𝑛 𝑎𝑖𝑋𝑖  is Gaussian for 
all 𝑎 ∈ ℝ𝑛.
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